Abstract-An iterative procedure for the synthesis of uniform amplitude focused beam arrays is presented. Specifically, the goal is to optimize the locations of a fixed number of array elements with known excitations in order to synthesize narrow-beam low-sidelobe patterns. Any fixed elements excitations can be handled, although uniform amplitude and equiphase excitations are aimed because of their practical interest. Moreover, the method can be applied to both linear and planar arrays, and there is no restriction regarding the element patterns. On top of being easy to implement, the proposed procedure leads to solutions that either equal or outperform the ones found by previous approaches in various cases of interest.
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I. INTRODUCTION
T O DESIGN antenna arrays that are attractive in terms of cost, reliability, and power efficiency, it is important to minimize the number of control points, i.e., to reduce as much as possible the required number of amplifiers and phase shifters. This trend is especially relevant in the area of satellite applications, where the complexity of the beamforming network is a key issue as highlighted in [1] , [2] .
In order to simplify the array implementation, the typical excitation tapering used to shape the beam can be replaced by properly choosing the locations of equally excited radiating elements. Although the synthesis of nonuniformly spaced arrays with fixed excitations has received a lot of attention these last 50 years [3] - [5] , this problem remains challenging. The far field radiated by the array does indeed not depend linearly on the unknowns of the problem (the element locations), which makes the synthesis problem difficult to solve in an optimal way.
Only the most recent and relevant synthesis methods are reviewed here before introducing the proposed approach. Many global optimization algorithms have been used to circumvent the nonconvexity inherent to the synthesis of nonuniformly spaced arrays with known excitations [6] - [8] well known that their computational burden increases rapidly with the number of unknowns (i.e., the number of array elements) and the optimality of the solution is not ensured. To overcome this drawback, a deterministic synthesis procedure based on the density taper strategy introduced by [5] has recently been proposed in [9] to synthesize uniform amplitude arrays. This method requires the a priori knowledge of a reference (if possible optimal) continuous or discrete source that is then cleverly discretized into an array of the sought-after type. On top of being computationally effective, this technique outperforms many approaches using so-called global optimizers. This work has recently been extended to synthesize phase-only reconfigurable isophoric arrays [10] . In this letter, an iterative approach is proposed to synthesize uniform amplitude focused beam arrays. It can be applied to either linear or planar arrays. Specifically, the goal is to optimize the locations of a fixed number of array elements with known excitations in order to generate a pattern having the lowest possible sidelobes for a given beamwidth. An iterative algorithm that consists in solving a sequence of convex optimization problems is proposed to achieve this purpose. The proposed strategy turns out to be very effective as illustrated by several numerical comparisons to existing approaches. Let us recall that convex optimization methods were first introduced by [11] to efficiently solve array synthesis.
This letter is organized as follows. In Section II, the uniform amplitude array synthesis problem is described, and the proposed resolution procedure is detailed. To assess the capabilities of the method, numerical comparisons to other approaches are shown in Section III. Conclusions are drawn in Section IV.
II. PROBLEM FORMULATION AND RESOLUTION

A. Antenna Array Synthesis Problem
Let us consider an array composed of elements. Each element radiates a pattern in the direction and is fed by a complex excitation , with . The far fields radiated by linear and planar arrays are then respectively equal to and (1) with , and where and are the element locations in wavelengths. The schematic view of a planar array with the associated notations is represented in Fig. 1 .
In the synthesis problem, the element patterns and the excitations are fixed, whereas the element locations 1536-1225/$31.00 © 2012 IEEE are left free. In practice, a specific, very interesting case is the synthesis of so-called uniform amplitude arrays, i.e., arrays with excitations of the same magnitude and phase: and where and are arbitrary constants. For the sake of clarity but without any loss of generality, one considers uniform amplitude arrays excited by that are composed of isotropic elements . The far fields in (1) become and (2) for linear and planar arrays, respectively. The sidelobe region where the magnitude of the field is upper-bounded by an envelope is introduced. This envelope is considered equal to a constant in the following. The complementary domain of defines the main beam region and therefore the main beamwidth. Since the magnitude of the field is equal to one toward broadside, [see (2) ], the synthesis problem amounts to minimize over . It can be written under
where and are the -dimensional element location vectors to be determined. This optimization problem is not convex and difficult to solve in an optimal way.
B. Resolution Method
An iterative algorithm is proposed to solve the synthesis problem (3). It consists in solving a sequence of convex optimization problems. Let us first present the convex problem addressed at iteration before describing the iterative algorithm.
1) Convex Optimization Problem at Iteration :
The far field radiated by the array (2) does not depend linearly on the variables . To overcome this problem, one linearizes (2) around the current (suboptimal) solution, i.e., the element locations . For this purpose, let us define and for (4) where and are the location displacements of the element according to the -and -axis, respectively, as depicted in Fig. 1 .
Using the Taylor expansion , the far fields (2) can be approximated at iteration by 
where the upper bound on the location displacements allows to control the degree of approximation of the far fields (5).
The optimization problem (6) is a nonlinear convex problem and specifically a second-order cone program [12] . It can thus be efficiently solved using interior point methods by many readily available solvers in roughly the same time as a linear program of equivalent size. Examples of second-order cone programs applied to various antenna array synthesis problems can be found in [12] and [13] .
Note that for the numerical implementation, the constraint in (6) is approximated by where are sample points in the sidelobe region . Fig. 3 . Synthesis results of a 32-element uniform amplitude array: (a) far-field patterns synthesized via convex optimizations (solid line) and via differential evolution algorithm [6] (dashed line) with the convergence of the proposed iterative procedure, i.e., the sidelobe level as a function of the iteration number, for (b) various starting interelement spacings and (c) various upper bounds .
2) Iterative Algorithm:
A sequence of convex optimization problems (6) is solved to synthesize uniform amplitude arrays. The iterative algorithm is as follows.
• In the first iteration , one starts with an equispaced array. The initial element locations in (4) are such as:
, where is the interelement spacing in wavelengths. Unless specified otherwise, is equal to 0.5.
1) For
, solve the convex optimization problem (6) to get with typically , if in (5) is a good approximation of in (2). 2) Update the solution:
and . 3) Repeat steps 1 and 2 until , i.e., until the maximum sidelobe level no longer diminishes. There is, of course, no guarantee that the final solution of the iterative algorithm is the optimal solution of the synthesis problem (3). The initial setting and is used although another choice may lead to a faster convergence in some cases. However, it has been experimentally noticed that the convergence point is robust to the choice of and . Moreover, the synthesized uniform arrays compare favorably to the solutions found in the literature as shown in Section III.
Note that constraints on the maximum array dimensions for both linear and planar arrays can be fixed. Moreover, a minimum element spacing for linear arrays can be set while keeping the convexity of the problem.
III. NUMERICAL APPLICATION-COMPARISONS TO OTHER APPROACHES
Various numerical applications of the synthesis of uniform amplitude focused beam arrays are presented. Comparisons to results available in the literature first assess the validity of the proposed procedure. Then, the interest of uniform and stepped amplitude array is shown by comparison to an optimally excited array. Note that all simulations are carried out on a 2.93-GHz CPU 8 Go-RAM computer.
A. Comparisons to Deterministic Approach
A deterministic approach has been presented in [9] to synthesize uniform amplitude arrays. This technique is used as a reference to assess the proposed method.
The goal of the deterministic approach is to optimize the 10 element locations of a uniform amplitude linear array in order to match a radiation pattern corresponding to a Taylor distribution with dB, , and [14] . The outermost elements have been fixed to . The synthesized pattern has a half-beamwidth such as , and the achieved sidelobe levels are below 19.2 dB.
The proposed approach is applied to synthesize an uniform amplitude array of the same length that radiates a focused beam having the same beamwidth. The proposed approach recovers the results found by the determinitic method [9] in less than 5 s: The synthesized far-field patterns are almost superimposed as shown in Fig. 2 , and the optimized element locations given in Table I are very close.
B. Comparison to Global Optimization Method
The synthesis of a 32-element uniform amplitude array is now considered. A global optimization method (the differential evolution algorithm) is used in [6] to synthesize a narrow-beam low-sidelobe pattern. For a maximum interelement spacing of 1 and a 6 beamwidth, a minimum sidelobe level of 22.5 dB is achieved.
The proposed method is applied to synthesize a uniform amplitude array having the same beamwidth. A minimum sidelobe level of 24.0 dB is reached for a slightly larger array in less than 3 min. Similar performances (i.e., sidelobe level of 22.5 dB) are obtained for the same array length. The synthesized far-field patterns are plotted in Fig. 3(a) and compared to those obtained by [6] . The convergence of the proposed iterative algorithm, quantified by the sidelobe level as a function of the iteration number, is shown in Fig. 3(b) and (c). The convergence speed depends on the choice of the interelement spacings and the upper bound . However, the choice of these settings does not change the solution, i.e., the optimized element locations and therefore the achieved sidelobe level.
C. Comparisons to Optimally Excited Equispaced Planar Array
The synthesis of a 1 side planar array composed of 5 5 elements with pattern is addressed. On the one hand, a equispaced planar array is considered. The excitations are optimally determined to radiate a pattern of beamwidth equal to , as described in [13] . A maximum sidelobe level of 24.3 dB is achieved, and the ratio between the maximum and minimum weight magnitude is equal to 18.2.
On the other hand, the element locations of both a uniformly excited array and a stepped amplitude array ( and , for ) are optimized using the proposed procedure.
For the same beamwidth , a maximum sidelobe level of 25.2 dB and of 26.0 dB for the uniformly excited array and the stepped amplitude array, respectively, is reached in less than 5 min. It means that better performances can be achieved for the same maximum array dimension by optimizing the element locations instead of the element excitations. The far-field patterns and array layouts for both uniform and stepped amplitude arrays are plotted in Fig. 4 .
IV. CONCLUSION
An iterative method to synthesize uniform amplitude focused beam arrays has been presented. Each iteration of the algorithm simply requires solving a convex optimization problem, which means that many readily available routines can be used to efficiently solve the problem. On top of being easy to implement and computationally effective, the method can be applied to synthesize both linear and planar arrays, and there is no restriction regarding the element patterns.
While the optimality of the solution cannot be guaranteed, the performances of the synthesized designs compare favorably to solutions found by previously proposed approaches. Numerical comparisons to a global optimization based method and a deterministic technique indeed show the validity of the obtained results. Finally, a planar array composed of nonisotropic elements with uniform and stepped amplitudes is synthesized to both highlight the potentialities of the method and show the interest of designing such arrays.
Note that the choice of an initial equispaced array may not always be the best one. For some particular cases, the density taper procedure could, for instance, be used to compute a better starting guess.
